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Outcomes

Upon completion of this chapter, students will be able to

apply scalar and vector products of two and three vectors
solve problems in geometry, trigonometry and physics
derive equations of a line in parametric, non-parametric and cartesian
forms in different situations
derive equations of a plane in parametric, non-parametric and cartesian
forms in different situations
find, angle between the lines, and distance between skew lines
find the coordinates of the image of a point
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Applications of Vectors

Example 6.1 (Cosine formulae) With usual notation, in a triangle
ABC , prove the following by vector method,

(i) a2 = b2 + c2 − 2bc cosA
(ii) b2 = c2 + a2 − 2ca cosB
(iii) c2 = a2 + b2 − 2ab cosC

Solution:

~BC + ~CA + ~AB = ~0
=⇒ ~BC = − ~CA− ~AB
=⇒ a2 = | ~BC |2 = ~BC · ~BC = (− ~CA− ~AB) · (− ~CA− ~AB)

=⇒ a2 = ~CA · ~CA + ~CA · ~AB + ~AB · ~CA + ~AB · ~AB
=⇒ a2 = | ~CA|2 + | ~AB|2 + 2 ~CA · ~AB
=⇒ a2 = b2 + c2 + 2bc cos(π − A)

=⇒ a2 = b2 + c2 − 2bc cos A
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Applications of Vectors

Exercise 6.1(9) Prove the following by vector method,
(i) sin(α + β) = sinα cos β + cosα sin β
(ii) cos(α + β) = cosα cos β − sinα sin β

Solution:

â = cosαî − sinαĵ b̂ = cosβ î + sinβ ĵ
â · b̂ = |â||b̂| cos(α + β)

=⇒ (cosαî − sinαĵ) · (cos β î + sin β ĵ) = (1)(1) cos(α + β)
=⇒ cosα cos β − sinα sin β = cos(α + β)

On the other hand,
â × b̂ = |â||b̂| sin(α + β)k̂

=⇒ (cosαî − sinαĵ)× (cos β î + sin β ĵ) = (1)(1) sin(α + β)k̂

=⇒ cosα sin βk̂ + sinα sin βk̂ = sin(α + β)k̂
=⇒ cosα sin β + sinα sin β = sin(α + β)
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Applications of Vectors

Exercise 6.1(9) Prove the following by vector method,
(i) sin(α− β) = sinα cos β − cosα sin β
(ii) cos(α− β) = cosα cos β + sinα sin β

â = cosαî + sinαĵ and b̂ = cosβ î + sinβ ĵ
b̂, â, k̂ form a right-handed system.
b̂ × â = |b̂||â| sin(α− β)k̂ = sin(α− β)k̂

b̂ × â =

∣∣∣∣∣∣
î ĵ k̂

cos β sin β 0
cosα sinα 0

∣∣∣∣∣∣ = (sinα cos β − cosα sin β)k̂

On the other hand,
~a · ~b = |~a||~b| cos(α− β) = cos(α− β)
But ~a · ~b = cosα cos β + sinα sin β.
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Applications of Vectors

Example 6.6 (Apollonius’s theorem)

If D is the midpoint of the side BC of a triangle ABC , then show by
vector method that | ~AB|2 + | ~AC |2 = 2(| ~AD|2 + | ~BD|2).

~AB = ~b, ~AC = ~c =⇒ ~AD = 1
2(~b + ~c), ~BD = 1

2(~c − ~b)

| ~AD|2 = ~AD · ~AD = 1
4(|~b|2 + |~c |2 + 2~b · ~c)

| ~BD|2 = ~BD · ~BD = 1
4(|~c |2 + |~b|2 − 2~b · ~c)

∴ | ~AD|2 + | ~BD|2 = 1
4(2|~b|2 + 2|~c|2)

∴ | ~AD|2 + | ~BD|2 = 1
2(| ~AB|2 + | ~AC |2)

∴ 2(| ~AD|2 + | ~BD|2) = | ~AB|2 + | ~AC |2
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Applications of Vectors

To prove that the altitudes of a triangle are concurrent.

AD,BE and CF are the altitudes. Suppose AD and BE meet at O.
~OA = ~a, ~OB = ~b, ~OC = ~c. Then ~AB = ~b− ~a, ~BC = ~c −~b, ~CA = ~c − ~a
~OA lies on ~AD, and ~OB lies on ~BE .

∴ ~OA · ~BC = 0 and ~OB · ~CA = 0.

=⇒ ~a · (~c − ~b) = 0 and ~b · (~a− ~c) = 0

=⇒ ~c · (~b − ~a) = 0 =⇒ ~OC · ~AB = 0 =⇒ ~OC lies on CF .
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Applications of Vectors to geometry

Example 6.8: In triangle ABC , the points D,E ,F , are the midpoints
of the sides BCCA, and AB respectively. Using vector method, show
that the area of ∆DEF is equal to 1

4(area of ∆ABC ) .

~AB = ~b, ~AC = ~c =⇒ ~AD = 1
2(~b + ~c), ~AF = 1

2
~b, ~AE = 1

2~c .

Area of ∆ ABC = 1
2 |~b × ~c |

Area of ∆ DEF = 1
2 | ~DE × ~DF | = 1

2 |( ~AE − ~AD)× ( ~AF − ~AD)|

= 1
2

∣∣∣(1
2~c −

1
2(~b + ~c)

)
×
(
1
2
~b − 1

2(~b + ~c)
)∣∣∣

= 1
2

∣∣∣(−1
2
~b
)
×
(
−1

2~c
)∣∣∣ = 1

4

∣∣∣12(~b × ~c)
∣∣∣ = 1

4 (Area of ∆ ABC )
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Applications of Vectors to physics

If a force ~F is applied on a particle at a point with position vector ~r ,
then the torque or moment on the particle is given by ~t = ~r × ~F . The
torque is also called the rotational force.
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Applications of Vectors to geometry

Volume of the parallelepiped = Area of the base × height

Area of the base = |~a× ~b|
Height = |~c | cos θ, where θ is the angle between ~c and ~a× ~b
∴ Volume of the parallelepiped = |~a× ~b| × |~c| cos θ = (~a× ~b) · ~c
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Applications of Vectors:Scalar Triple Products

Let ~a = a1 î + a2 ĵ + a3k̂ , ~b = b1 î + b2 ĵ + b3k̂ , ~c = c1 î + c2 ĵ + c3k̂.

Then (~a× ~b) · ~c =

∣∣∣∣∣∣
î ĵ k̂
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ · (c1 î + c2ĵ + c3k̂)

=

∣∣∣∣∣∣
c1 c2 c3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 a2 a3
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
b1 b2 b3
c1 c2 c3
a1 a2 a3

∣∣∣∣∣∣
(~a× ~b) · ~c = (~b × ~c) · ~a = (~c × ~a) · ~b
(~a× ~b) · ~c = ~a · (~b × ~c)

[~a, ~b, ~c] = (~a× ~b) · ~c = ~a · (~b × ~c)

[~a, ~a, ~c] = 0 = [~a, ~b, ~b] = [~a, ~b, ~a]

[~a, ~b, ~c] = −[~b, ~a, ~c] = −[~a, ~c , ~b] = [~c , ~b, ~a]

~a, ~b, ~c are coplanar ⇐⇒ [~a, ~b, ~c] = 0 ⇐⇒

∣∣∣∣∣∣
a1 a2 a3
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣ = 0
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Applications of Vectors:Scalar Triple Products

Exercise 6.2 (9): If the vectors aî + aĵ + ck̂ , î + k̂, and cî + cĵ + bk̂
are coplanar, prove that c is the geometric mean of a and b.

Coplanar =⇒

∣∣∣∣∣∣
a a c
1 0 1
c c b

∣∣∣∣∣∣ = 0

=⇒ a(0− c)− a(b − c) + c(c − 0) = 0 =⇒ c2 = ab.

Exercise 6.2 (10):Let ~a, ~b and ~c be three non-zero vectors such that ~c

is a unit vector perpendicular to both ~a and ~b. If the angle between ~a

and ~b is π/6, show that [~a, ~b, ~c]2 = 1
4 |~a|

2|~b|2.

~c = ~a×~b
|~a×~b|

=⇒ [~a, ~b, ~c]2 =
{

(~a× ~b) · ~c
}2

=⇒ [~a, ~b, ~c]2 =
{

(~a× ~b) ·
(

~a×~b
|~a×~b|

)}2

=
{
|(~a×~b)|2

|~a×~b|

}2

= |(~a× ~b)|2

= |~a|2|~b|2 sin2(π/6) = 1
4 |~a|

2|~b|2.
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Applications of vectors: Scalar Triple Products

Example 6.18: Prove that [~a + ~c , ~a + ~b, ~a + ~b + ~c] = [~a, ~b, ~c]

Solution:
[~a + ~c, ~a + ~b, ~a + ~b + ~c] = [~a + ~c, ~a + ~b, ~a + ~b] + [~a + ~c , ~a + ~b, ~c]

= 0 + [~a, ~a + ~b, ~c] + [~c , ~a + ~b, ~c]

= [~a, ~a, ~c] + [~a, ~b, ~c] + 0

= [~a, ~b, ~c]
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Applications of vectors: Vector Triple Products

For any three vectors ~a, ~b and ~c , the following are called vector triple
products:

(~a× ~b)× ~c , ~a× (~b × ~c), (~b × ~c)× ~a, ~b × (~c × ~a),

(~c × ~a)× ~b, ~c × (~a× ~b), (~b × ~a)× ~c , ~b × (~a× ~c),

(~c × ~b)× ~a, ~c × (~b × ~a), (~a× ~c)× ~b, ~a× (~c × ~b)

(~a× ~b)× ~c = (~a · ~c)~b − (~b · ~c)~a

In (~a× ~b)× ~c , consider the vectors inside the parentheses, call ~b as
the middle vector and ~a as the non-middle vector. Similarly, in
~b × (~a× ~c), ~b is the middle vector and ~c is the non-middle vector.

Then we observe that, given a set of three vectors,
a vector triple product of these vectors is equal to

λ (middle vector) − µ (non-middle vector)

where λ is the dot product of the vectors other than the middle
vector and µ is the dot product of the vectors other than the
non-middle vector.
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Applications of vectors: Vector Triple Products

Jacobi’s Identity:
For any three vectors ~a, ~b and ~c , we have

(~a× ~b)× ~c + (~b × ~c)× ~a+ (~c × ~a)× ~b = ~0

Proof:
(~a× ~b)× ~c = (~a · ~c)~b − (~b · ~c)~a

(~b × ~c)× ~a = (~a · ~b)~c − (~a · ~c)~b

(~c × ~a)× ~b = (~b · ~c)~a− (~a · ~b)~c

Lagranges identity
For any four vectors ~a, ~b, ~c , ~d , we have

(~a× ~b) · (~c × ~d) =

∣∣∣∣∣ ~a · ~c ~a · ~d
~b · ~c ~b · ~d

∣∣∣∣∣
Proof:

Put ~p = ~a× ~b.
(~a× ~b) · (~c × ~d) = ~p · (~c × ~d) = (~p × ~c) · ~d
= ((~a× ~b)× ~c) · ~d
= ((~a · ~c)~b − (~b · ~c)~a) · ~d
= (~a · ~c)(~b · ~d)− (~b · ~c)(~a · ~d)
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Applications of vectors: Vector Triple Products

Exercise 6.3(6):If ~a, ~b, ~c , ~d are coplanar vectors, then show that
(~a× ~b)× (~c × ~d) = ~0.

Solution:
Put ~p = ~a× ~b.
(~a× ~b)× (~c × ~d) = ~p × (~c × ~d)

= (~p · ~d)~c − (~p · ~c)~d = ((~a× ~b) · ~d)~c − ((~a× ~b) · ~c)~d

= [~a, ~b, ~d ]~c − [~a, ~b, ~c])~d = ~0

Exercise 6.3(7): If ~a = î + 2ĵ + 3k̂, ~b = 2î − ĵ + k̂ , ~c = 3î + 2ĵ + k̂ ,
and ~a× (~b × ~c) = l~a + m~b + n~c , find the values of l ,m, n.

Exercise 6.3(8): Let â, b̂, ĉ be three unit vectors and b̂, ĉ are
non-parallel, and â× (b̂ × ĉ) = 1

2 b̂, find the angle between â and ĉ .

Solution. â× (b̂ × ĉ) = 1
2 b̂ =⇒ (â · ĉ)b̂ − (â · b̂)ĉ = 1

2 b̂

(â · ĉ)(b̂ × ~c)− (â · b̂)(ĉ × ~c) = 1
2(b̂ × ~c)

b̂, ĉ are non-parallel =⇒ b̂ × ĉ 6= ~0

∴ â · ĉ = 1
2 =⇒ cos θ = 1

2 =⇒ θ = π/3.
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Applications of Vectors to geometry:Equation of a line
passing through a given point and parallel to a given
direction

~OA = ~a = x1 î + y1 ĵ + z1k̂ , ~P = ~r = x î + y ĵ + zk̂ =⇒ ~AP = ~r − ~a
~AP is parallel to ~b = αî + β ĵ + γk̂
~AP = t~b, t ∈ R =⇒ ~r = ~a + t~b, t ∈ R
x − x1 = tα, y − y1 = β, z − z1 = tγ, t ∈ R
=⇒ x−x1

α = y−y1
β = z−z1

γ = t, t ∈ R

S.UDAYABASKARAN XII-MATHEMATICS: VECTOR ALGEBRA II AND APPLICATIONS11-06-2019/12-06-2019 22 / 38



Applications of Vectors to geometry:Equation of a line
passing through two given points

~OA = ~a = x1 î + y1 ĵ + z1k̂ , ~OB = ~b = x2 î + y2 ĵ + z2k̂
~OP = ~r = x î + y ĵ + zk̂ ~AP is parallel to ~AB
~AP = t ~AB, t ∈ R =⇒ ~r = ~a + t(~b − ~a), t ∈ R

=⇒ ~r = (1− t)~a + t~b, t ∈ R
x − x1 = t(x2 − x1), y − y1 = t(y2 − y1), z − z1 = t(z2 − z1)

=⇒ x−x1
x2−x1 = y−y1

y2−y1 = z−z1
z2−z1 = t
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Applications of Vectors:Distance between two parallel lines

~r = ~a + t~b, t ∈ R and ~r = ~c + t~b, s ∈ R
~OA = ~a, ~OB = ~c

d is the distance between the parallel lines.

d = AD = AB sin θ = |~c − ~a| sin θ.

sin θ = | ~AB×~b|
| ~AB||~b|

= |(~c−~a)×~b|
|~c−~a||~b|

.

d = |~c − ~a| |(~c−~a)×
~b|

|~c−~a||~b|
= |(~c−~a)×~b|

|~b|
.
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Applications of Vectors:Shortest distance between the two
skew lines

To find the shortest distance between the two skew lines ~r = ~a + s~b
and ~r = ~c + t ~d

~OA = ~a and ~OC = ~c =⇒ ~AC = ~c − ~a.
SD is the line segment perpendicular to both the lines.
~SD is perpendicular to both ~b and ~d .

∴ unit vector along ~SD is
~b×~d
|~b×~d |

S.D.=| ~SD| = the projection of ~AC on ~SD =
∣∣∣ (~c−~a)·(~b×~d)|~b×~d |

∣∣∣ , ~b × ~d 6= ~0
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Applications of Vectors:Foot of the perpendicular from a
given point to a straight line

Example 6.37: Find the coordinates of the foot of the perpendicular
drawn from the point (−1, 2, 3) to the straight line
~r = î − 4ĵ + 3k̂ + t(2î + 3ĵ + k̂). Also, find the shortest distance from
the point to the straight line.

~OD = −î + 2ĵ + 3k̂ , ~OF = î − 4ĵ + 3k̂ + t1(2î + 3ĵ + k̂).
~DF = (2t1 + 2)î + (3t1 − 6)ĵ + t1k̂ is perpendicular to the given line

which is parallel to 2î + 3ĵ + k̂ =⇒ t1 = 1.
~OF = 3î − ĵ + 4k̂ and ~DF = 4î − 3ĵ + k̂

DF = | ~DF | =
√

26
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Applications of Vectors

To find the equation of the plane at a distance p from the origin and
perpendicular to the unit normal vector d̂

~OA = pd̂ , ~AP = ~r − pd̂ , ~OA · ~AP = 0 =⇒ ~r · d̂ = p

d̂ = l î + mĵ + nk̂ =⇒ lx + my + nz = p.
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Applications of Vectors

To find the intercept form of the equation of a plane.

Assume the equation as ~r · ~n = p.

aî , bĵ , ck̂ lie on the plane.

∴ aî · ~n = p, bĵ · ~n = p, ak̂ · ~n = p

~r · ~n = p =⇒ (x î + y ĵ + zk̂).~n = p =⇒ x
a + y

b + z
c = 1
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Applications of Vectors
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Applications of Vectors
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Applications of Vectors

To find the perpendicular distance from a point with position vector ~u
to the plane ~r · ~n = p

Equation of AF is ~r = ~u + t~n

The p.v. of F is ~r1 = ~u + t1~n

∴ (~u + t1~n) · ~n = p =⇒ t1 = p−~u·~n
|~n|2

δ =
∣∣∣ ~FA∣∣∣ = |~u − (~u + t1~n)| = | − t1~n| =

∣∣∣ ~u·~n−p|~n| ∣∣∣
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Applications of Vectors

To find the line of intersection of the planes ~r · ~n = p and ~r · ~m = q

~n × ~m is a vector parallel to the required line.

~a is a point on the required line.

~r = ~a + t~n × ~m.
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Applications of Vectors

To find the vector equation of a plane which passes through the line
of intersection of the planes ~r · ~n1 = d1 and ~r · ~n2 = d2

(~r · ~n1 − d1) + λ(~r · ~n2 − d2) = 0 where λ ∈ R.
~r · (~n1 + λ~n2)− (d1 + λd2) = 0 where λ ∈ R.
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Applications of Vectors

To find the image of the point ~u in the plane ~r · ~n = p

~v = ~u + 2[p−~u·~n]
|~n|2
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Applications of Vectors

To find the position vector of the point of intersection of the straight
line ~r = ~a + t~b and the plane ~r · ~n = p, where ~b · ~n 6= 0.

~r1 = ~a +
(
p−(~a·~n
~b·~n

)
~b
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