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Algebra of vectors
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Cartesian coordinates
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Dot product of two vectors

Cross product of two vectors

S.UDAYABASKARAN XII-MATHEMATICS: VECTOR ALGEBRA I 11-06-2019/12-06-2019 2 /38



Contents of Chapter 6

6.1 Introduction

6.2 Geometric introduction to vectors

@ 6.3 Scalar product and vector product

6.3.1 Geometrical interpretation

6.3.2 Application of dot and cross products in Trigonometry
6.3.3 Application of dot and cross products in Geometry
6.3.4 Application of dot and cross product in Physics

@ 6.4 Scalar triple product
e 6.4.1 Properties of the scalar triple product

6.5 Vector triple product

6.6 Jacobis Identity and Lagranges ldentity

S.UDAYABASKARAN XII-MATHEMATICS: VECTOR ALGEBRA I 11-06-2019/12-06-2019 3/38



Contents of Chapter 6

o 6.7 Different forms of equation of a straight line
e 6.7.1 Parametric form of vector equation
e 6.7.2 Non-parametric form of vector equation
e 6.7.3 Cartesian equation
e 6.7.4 Parametric form of vector equation
e 6.7.5 Non-parametric form of vector equation
e 6.7.6 Cartesian form of equation
e 6.7.7 Angle between two straight lines
e 6.7.8 Point of intersection of two straight lines
@ 6.7.9 Shortest distance between two straight lines

S.UDAYABASKARAN XII-MATHEMATICS: VECTOR ALGEBRA I 11-06-2019/12-06-2019 4 /38



Contents of Chapter 6

@ 6.8 Different forms of Equation of a plane

e 6.8.1 Equation of a plane at a distance p from the origin and is
perpendicular to the unit normal vector

e 6.8.2 Equation of a plane perpendicular to a vector and passing

through a given point

6.8.3 Intercept form of the equation of a plane

6.8.4 Equation of a plane passing through three given non-collinear

points.

e 6.8.5 Equation of a plane passing through a given point and parallel to

two given non-parallel vectors.

6.8.6 Equation of a plane passing through two given distinct points and

is parallel to non-zero vector

6.8.7 Condition for a line to lie in a plane

6.8.8 Condition for coplanarity of two lines

6.8.9 Equation of plane containing two coplanar lines

S.UDAYABASKARAN XII-MATHEMATICS: VECTOR ALGEBRA I 11-06-2019/12-06-2019 5/38



Contents of Chapter 6

@ Two or more planes

6.8.10 Angle between two planes

6.8.11 Angle between a line and a plane

6.8.12 Distance of a point from a plane

6.8.12 Distance between two parallel planes

6.8.13 Equation of line of intersection of two planes

6.8.14 Equation of a plane passing through the line of intersection of
two given planes

@ 6.9 Image of a point in a plane
e 6.9.1 The coordinates of the image of a point in a plane

@ 6.10 Meeting point of a line and a plane

S.UDAYABASKARAN XII-MATHEMATICS: VECTOR ALGEBRA I 11-06-2019/12-06-2019 6 /38




@ Upon completion of this chapter, students will be able to

e apply scalar and vector products of two and three vectors

@ solve problems in geometry, trigonometry and physics

e derive equations of a line in parametric, non-parametric and cartesian
forms in different situations

e derive equations of a plane in parametric, non-parametric and cartesian
forms in different situations

o find, angle between the lines, and distance between skew lines

o find the coordinates of the image of a point
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Applications of Vectors

e Example 6.1 (Cosine formulae) With usual notation, in a triangle
ABC, prove the following by vector method,
o (i) @ = b? + ¢ — 2bccos A
o (ii) b*> = c*+ a*> — 2cacos B
o (iii) ¢> = a® + b*> —2abcos C

@ Solution:

+CA+AB =10 _
B iC 7A_‘ - -~ =
|BC|2:BC»BC—( CA — AB) - (—CA — AB)

CA+CA AB 4 AB . CA+ AB - AB
A2 + |AB|? 4+ 2CA - AB

G
IC
b? + % 4 2bc cos(m — A)
b? + c? — 2bccos A

LU ELR
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Applications of Vectors

o Exercise 6.1(9) Prove the following by vector method,

@ (i) sin(a + B) = sin awcos B + cos asin B
@ (i) cos(a + B) = cos cxcos B — sin acsin B

@ Solution:

UL 6.8

4 = cosai —sinaj b= cos 3/ + sin 3]
@ 3-b=|3]|b| cos(a + B)
@ —> (cos i — sin ) - (cos B7 + sin B]) = (1)(1) cos(ax + B)
@ —> cosacos 3 — sinasin 3 = cos(a + )

@ On the other hand,
@ sx b= |a|\b\s|n(a+ﬁ)k
@ —> (cos i — sin aj) x (cos Bl + sin 8) = (1)(1) sin(a + B)k

@ — cos asin Bk + sin acsin Bk = sin(a + B)k
@ —> cosasin B + sinasin B = sin(a + 3)
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Applications of Vectors

@ Exercise 6.1(9) Prove the following by vector method
@ (i) sin(a — B) =sinacos B — cos asin 3
@ (i) cos(ax — B) = cos a cos 3 + sin asin B

oL UL 6.10 7
@ d=cosal+sinaj and b = cos Bi + sin 3
] b k form a right-handed system.
4] l; = |b||a \sln(a — Bk = sin(a — B)k
I [

k
X a=| cospf slnﬁ 0
0

(sin o cos B — cos asin B)k
cosa  sina

@ On the other hand,
® 5.5 = |3]|b| cos(a — B) = cos(ax — B)

@ But 3- b= cosacos3 +sinasin 3.
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Applications of Vectors

@ Example 6.6 (Apollonius’s theorem)

o If D is the midpoint of the side BC of a triangle ABC, then show by
vector method that |AB|? + |AC|? = 2(|AD|? + |BD|?).

b ¢

B D

° Fig. 6.11

o AB=b,AC == AD = L(b+¢),BD = (¢ b)
e |AD|2 = AD - AD = %(be +|¢2+2b- @)
e |BD]2=BD-BD = %(yc\z’ |b|2 — 2b - €)

o - |ADJ? + |BDP = }(2/5

o .. |AD]? +|BD|? = L(|AB)? + |AC]?)

2(|ADJ2 + |BDJ2) = |AB|? + |ACP?
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Applications of Vectors

To prove that the altitudes of a triangle are concurrent.

B DIHEC
° uLLb 6.12

AD, BE and CF are the altitudes. Suppose AD and BE meet at O.
OA=3,0B=b0C=¢C Then AB=b-3BC=¢—b,CA=¢-3
OA lies on Ab, and OB lies on BE.

- OA-BC=0and OB-CA=0.

— 53 (¢—b)=0andb-(3—¢&) =0

— &-(b—3)=0= OC-AB =0 = OC lies on CF.
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Applications of Vectors to geometry

o Example 6.8: In triangle ABC, the points D, E, F, are the midpoints
of the sides BCCA, and AB respectively. Using vector method, show
that the area of ADEF is equal to (area of AABC) .
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Applications of Vectors to physics

(=FxF
}
FL 3
>
@®L @i igeid
Y uLLb 6.15

o Ifaforce Fis applied on a particle at a point with p05|t|on vector r,
then the torque or moment on the particle is given by t = 7' x F. The
torque is also called the rotational force.

14 / 38
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Applications of Vectors to geometry

axb
g g
. 0 s

|c|co:s9 / .
i b V
1
a
Y uLLp 6.17

@ Volume of the parallelepiped = Area of the base x height
o Area of the base = |3 x b|
o Height = || cosf, where 6 is the angle between & and & x b

e .. Volume of the parallelepiped = |5 x b| x |&|cos# = (3 x b) - €
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Applications of Vectors:Scalar Triple Products

° Leté_f:al;\—f—agj/}—i-aﬂ;,E:blf—{—bzf—i-bg,i(\,6:C1f+C2]>+C3/2.
2 ~

~

ik
o Then (x b)-C=| a ;2 a3 |- (el + c2j + c3k)
by by b3
i G G3 dly d2 as b1 b2 b3
02313283—b1b2b3=C1C2C3
by by b3 € @ o a a a3
o (xb)-¢=(bx¢)-d=(¢xad)-b
o (xb)-¢=3-(bx?)
o [3bcl=(Gxb)-c=3-(bx¢
o [4,3,¢]=0=[a,b,b] =[ab, 4]
°[5’7575]:_[_’7376]:_[_)’87_‘]:[67575]
a a2 as
oig,farecoplanar@[5,5,6]:0<:> by by b3 |=0
a1 @ &
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Applications of Vectors:Scalar Triple Products

o Exercise 6.2 (9): If the vectors ai + aj + ck, i + k, and ¢i + ¢j + bk
are coplanar, prove that c is the geometric mean of a and b.

a a c
o Coplanar= |1 0 1 |=0
c c b

o = a(0—c)—a(b—c)+c(c—0)=0= c? = ab.
o Exercise 6.2 (10):Let a, b and € be three non-zero vectors such that &

is a unit vector perpendicular to both & and b. If the angle between 3
and b is 7/6, show that [7, b, &]2 = itk |b|2.

= __ _axb > h A2 — 0.2
° €= 135 [a,b,¢]* = {(a X b) 2c} 2
o = b ={(Fxb)-(35)} = {ZH} =l@x b
o = [al?lB[2sin(x/6) = }la]?|bl2
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Applications of vectors: Scalar Triple Products

o Example 6.18: Prove that [5+ &, 3+ b, 5+ b+ &) = [4, b, €]

@ Solution:
[G+ ¢ d+bd+b+¢ =[a+¢a+bad+b|+[d+¢a+b,¢

° :0—1—[3 a+b E]+[c,a+b,6]
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Applications of vectors: Vector Triple Products

@ For any three vectors 3, b and C, the following are called vector triple

products:
o (Fxb)x ¢ ax(bxa),(bx¢&)x3d bx(&xa),
o (xd) xb, &x(Fxb), (bx3)x& bx(3xa),
o (Exb)x 3, Ex(bx3),(TxE) xb,ax(Zxb)

a
e (Axb)xc=(a-c)b—(b-0)d
e In(ax B) x C, consider the vectors inside the parentheses, call b as
the middle vector and 3 as the non-middle vector. Similarly, in
b x (3% &), b is the middle vector and & is the non-middle vector.
@ Then we observe that, given a set of three vectors,
e a vector triple product of these vectors is equal to
@ A (middle vector) — p (non-middle vector)
@ where X is the dot product of the vectors other than the middle
vector and p is the dot product of the vectors other than the
non-middle vector.
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Applications of vectors: Vector Triple Products

@ Jacobi's Identity:

e For any three vectors a, b and C, we have
o (Axb)xE4+(bx&) xa+(Exa)xb=0

@ Proof:

o (3

tp=axb.
x b) - (& x d)
(3% b) x &)-
((5-&)b—(b-
(@-c)(b-d) -
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Applications of vectors: Vector Triple Products

o
Q,
QU
=
0]
(@)
o

=5
o8]
>
QU
=
<
D
(@]
—+
o
=
[72]
—+
=0
0]
>
(73]
3

3
—+
0
[«5]
[ d

e Exercise 6.3(6):If 4, b,
(3% b) x (€x d) =0.
@ Solution:

o = (p-d) (5 )d = (3% B)- )~ (3% B) - )
0—[5,b7d]€—[5, 76]d:0
o Exercise 6.3(7): If & P+2]+3kb=21—j+k,&=31+2]+k,

F=i+2/
and 3% (b x &) = I3+ mb + n&, find the values of I, m, n.
o Exercise 6.3(8): Let &,

non-parallel, and & x (
e Solution. 4 x (b x &) =

o (4-8)(bx &) —(a-b)(e

N

X €
o b, ¢ are non-parallel = bx &+£0
a 0

§ &)b—(a- b)c—lb

A

X
. _1 _
o .. ~c_§:>cosﬁ—§:>
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Applications of Vectors to geometry:Equation of a line
passing through a given point and parallel to a given
direction

OA—a—x1/+y1/+21kP F=xi+yj+zk= AP=F—3
AP is parallel to b = ai + 8] + vk
AP=th,t R = F=3+thteR
xX—x1=ta,y—y=p0,z—z1=ty,t € R

=R =rA=A=tteR

«
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Applications of Vectors to geometry:Equation of a line
passing through two given points

x .
° UL LD 6.19

OA=3=x1i+ y1] + 21k, OB = b = xpi + y»] + 22k

OP =F=xi+yj+ zk AP is paraIIeI to AB
AP =tAB,tceR = F=3+t(b—3),teR
— F=(1—t)a+thteR

x—=x1=tx—x1),y —y1=t(y2—y1),z— 21 = t(z2 — z1)
XX ymn _ zmz

X2—X1 y2=y 22—
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Applications of Vectors:Distance between two parallel lines

d is the distance between the parallel lines.
d = AD = ABsinf = |C — a|sind.

|ABxb| _ |(¢—&)xb|

|AB|b| |e—allb|

. o l@E-2xBl _ [(e-a)xB]
d = | — glc=axhl _ )01
| d |c—34]|b] b

sinf =
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Applications of Vectors:Shortest distance between the two

skew lines

o To find the shortest distance between the two skew lines 7 = 3+ sb
and = ¢+ td

G O

@ L
Do

b
o uLtb 622

OA=3and OC=¢=— AC=¢- 3.
SD is the line segment perpendicular to both the lines.
SD is perpendicular to both band d.

bxd

|bxd|

S.D.=|SD| = the projection of AC on SD =

.. unit vector along SDis

(E-3)Bxd)| £ TG
2L ’,bxd;«éo
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Applications of Vectors:Foot of the perpendicular from a

given point to a straight line

@ Example 6.37: Find the coordinates of the foot of the perpendicular
drawn from the point (—1,2,3) to the straight line
F=1—4j+3k+ t(2i + 3/ + k). Also, find the shortest distance from
the point to the straight line.

| B Line
o uLtb 6.23

o OD = —i+2] 43k, OF =7 — 4] + 3k + t1(27 + 3] + k).

o DF = (2t; +2)i + (3t1 — 6)j + t1k is perpendicular to the given line
which is paraIIeI to 2/ +3j+k =t =1.

o OF =3/ — —i—4kandDF—4/—31—|—k

o DF = |DF| = V26
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Applications of Vectors

@ To find the equation of the plane at a distance p from the origin and
perpendicular to the unit normal vector d

(]
o d=1Ii+mj+nk = Ix+my+nz=np.
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Applications of Vectors

@ To find the intercept form of the equation of a plane.
°

@ Assume the equation as r- 7= p.

° af, bf, ck lie on the plane.

o . al-Ai=p,b-A=pak-7=p

o Fii=p= (xi+yj+zk)i=p=X+%+2=1
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Applications of Vectors
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Applications of Vectors
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Applications of Vectors
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Applications of Vectors
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Applications of Vectors
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Applications of Vectors

@ To find the perpendicular distance from a point with position vector i
to the planer-aA=p

uLth 632
o Equation of AF is =+ ti
@ Thepv. of FisrA =0+t
o (G40 fi=p=t;=LL"
06—‘FA‘ |o — (G4 tyn)| = | — t1n] = J|ﬁ )
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Applications of Vectors

@ To find the line of intersection of the planes /- 7= p and - m =q

By

— —

F=34+tnx m.
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Applications of Vectors

@ To find the vector equation of a plane which passes through the line
of intersection of the planes - ni = dy and r- n5 = d>

e

Y

i

by

G

0

Fii =d,
uLtb 6.34
o
o (r-ni —di)+ A(r- ny — do) =0 where X € R.
o - (n + An) — (di + Ad2) = 0 where A € R.
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Applications of Vectors

@ To find the image of the point i in the plane /- 7= p
A(u)

7

M

A@)
o uLLb 635
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Applications of Vectors

@ To find the position vector of the point of intersection of the straight
line = &+ tb and the plane - "= p, where b- 7 # 0.
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